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e main problem here is to derive the integration formula

T ~ cos(b:
J'cos(ax) 2cos( X) de =

Zb-a) (@20,b20),
x 2

0

using the indented contour shown below.
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Applying the Cauchy-Goursat theorem to the function

e —e™

f@@)= 7

we have

[ f@de+ [, f@de+ [, f@de+ | fldz=0,

[ f@d+ |, f@dz=-], f@de- |, fo)de

Since L, and —L, have parametric representations
L:z=re®=r(<r<R) and -L;:z=re"=-r(p<r<R),
we can see that
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- cos(b
2,[ COS(ar) 2 COS( r) dr = —jC, f(Z)dZ - J.Cn f(Z) a.
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In order to find the limit of the first integral on the right here as p — 0, we write

_1 iaz (iaz)* | (iaz)’ ibz  (ibz)*  (bz)’
ﬂz)’?[(“ T TRRAEY +')'[1+’1T+_'2?'+”3_!—+'

LoDy 0<ld<)
4
From this we see that z=0 isa §{{991§qu1¢ of f(z), with resi ey, The
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s lim [ f(2)dz = ~Bymi = —i(a—b)mi = n(a—b) X
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As for the limit of the value of the second integral as R — oo, we note that if z is a point on
Cy, then

le®IHe™ _ e +e™” 1+1
i R

2
—.

fl@< =R

Consequently,

2
IJ.C f(z)dzlsFﬂR=—2R£—>0 as R— oo,

It is now clear that letting p — 0 and R — o= yields

2} cos(ar)r—; cos(br) dr=n(b—a).
0

This is the desired integration formula, with the variable of integration r instead of x.
Observe that when a =0 and b =2, that result becomes

,[ 1- co§(2x) de=1m.
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But cos(2x) =1-2sin® x, and we arrive at

sin’ x
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@ Let us first use the branch

1
-2 GXP(——-logz)
2 P P
f(2) 741 ] (Izl>0, 5 <argz< 2)

and the indented path shown below to evaluate the improper integral
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Branch cut

Cauchy's residue theorem tells us that

f, f@dz+ [, f@de+ [, f@)dz+ [ fe)de=27iRes £(2),

[ f@de+ | f@dz=2miResf@)~ [ fl)de~[, fla)de.
Since
L:z=re®=r(<r<R) and -L;:z=re"=—r(p<r<R),

we may write

jf(z)dz+f f(z)dz:f ar —ijE ar =(1—-i)fl——-—
“ & pVr@+1) N+ D) S Iy

Thus
R
. dr .
(-0 ity =2mRes 0= S0 [ 1




Now the point z =i is evidently a simple pole of f(z), with residue

1 1 /4
- ——logi ——|Inl+i— i
Res @ =21 s G | - L)
=i Z+i] 2 2i 2 2i\2)
Furthermore, |
= f)/g —0asp—>0
and
T
L‘f(z)dzl (Rz-l) \/_( 1)—>0 as R— oo,
R
Finally, then, we have
i) J- _rd-i
o Vr ( +1) V2

which is the same as
j__éi___ _5
JAlx(x*+1) 42

. . n dx
To evaluate the improper integral | ——=——, the branch
%/ o0 evalu prop g ‘Z\/;(x2+1) we Now use ranc

' ex (-—1—10 z)
-172 _ P ) 4

Z
f(Z)—zz-t—l- 2 +1

(2>0,0 <argz<2m)

and the simple closed contour shown in the figure bcloW, which is similar to Fig. 99 in
Sec. 77. We stipulate that p<1 and R >1, so that the singularities z==i are between
C, and C.

Branch cut
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Since a parametric representation for the upper edge of the branch cut from p to R is
z=re”® (p <r<R), the value of the integral of falong that edge is

R exp[~-1-(ln r+ iO)] R
2 1

j 5 dr= ——dr.
r’+1 JAr(? +1)

P

A representation for the lower edge from p tois Ris z=re" (p <r<R), and so the
value of the integral of f along that edge from R to p is

1 .
-x exp["—z—(lnr + 1275)] i J‘f 1 dr= f 1,
e+l oANrP D IR+

P

Hence, by the residue theorem,

R 1 R 1 .
{mdr+ C‘!;f(Z)dz+ {mdr‘*‘ C{f(Z)dz = 271‘1(31 + Bz):

where

B =Res f(z) =" = =

1, . 1 T
z-m:l ) exp[-alogl:’ _ exp[-—-i(lnl + 1—2—)] _ i1
z=i

2i 2 2
and
-2 exp —llog(—i)] exp[—- l(ln 1+i -%-75)] —i3nl4
=z =L 2 2 2)]_ e
B, =Resfl2)= -':' AT 2 T2
That is,
Zf—-————l————-—dr = (e — 74y ~ j f()dz— j f(@)dz
. Nr(r* +1) ¢, &
Since
2rp _2mAlp
(2)dz|< = —>0as p—0

chf Jp-p»)  1-p P

and

Ll f (z)dz]s «/—15?17:5— 5 =1/E (i:_ % )

—>0 as R— oo,
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we now find that

—ix/4_e—-i37tl4 e—x’ﬂlA ~i3xld4 ir

:f.—-—————l dr=n =7 te ¢
AP +1) 2 2

_ ”eiz/-i +e—i1rl4 _ ﬂcos(f_)__ﬂ_
2 4) 27

When x, instead of r, is used as the variable of integration here, we have the desired
result:

I___‘_l_"____=_”_
cVx(x*+1)  2°




L}/ / Here we evaluate the integral J ————————dx, where a>b>0. We consider the
. ‘ o ( +a)(x+b)

function

ex (~1-10 z)
zus _ p 3 g ‘

B : 2
(z+a)z+b) (z+a)z+b) (12>0,0<argz<2m)

@)=

and the simple closed contour shown below, which is similar to the one used in Sec. 77. The
numbers p and R are small and large enough, respectively, so that the points z=—a and

z =—Db are between the circles.

- Branch cut
P4 |Rr x

A parametric representation for the upper edge of the branch cut from p to R is z=re”
(p £r<R), and so the value of the integral of falong that edge is

" exp[-;—(lnr+i0)] R

_ r

r+a)r+b) o JG+ar+b)

P

A representation for the lower edge from p tois R is z=re”" (p <r < R). Hence the
value of the integral of f along that edge from R to p is

R exp[% (Inr+i2 n‘)] R
_ — 1211'/3
(r+a)r+b) {(r+ a)(r+b)

According to the residue theorem, then,

dr+ Jf(z)dz-—eiz'mf 3\/;
Cr

pmdl‘-ﬁ-if(Z)dZ = 27131(31 + BZ)’

.
p(r+a)( r+b)




where
ex [—l—lo (—a)] ex [l(lna'*'iﬂ)] ;
Bl=ReSf(Z)= p3 5 = — p3 = e"‘”%
z=-a -a+b a-b a-b
and
ex [1 lo (~b)] ex [1 (nb+ m)] .
B =Resf)=—t3 — T3 | b
P —b+a —b+a a-b
Consequently,

(l_eima)f ’V; dr__27tiei”’3(%—%)

p(r+a)(r+b) B a-b
Now
< VE 2np = Z”V’;p —-0asp—-0
(a-p)b-p) (a—p)b-p)
and
VYR 27k . 1
R0 ReaR=) VR R
Hence

I o Zmem’/3 (V—_ v_) e—mIS _ zm(% _ VE)
- (r + a)(r+b) (1 e12x/3)(a b) e—xﬂ/S (eix/3 _ e-iﬂ/B)(a _ b)

2¥a-b) _ n®a-Vb) _ 27:%/"%/—

T sin(z/3)a—b) «/'3'( _5 V3 a-b
2

Replacing the variable of integration r here by x, we have the desired result:

]-' Vx o2l Ya-Ab
s (x+a)x+b) A3 a-b

- [f(dz- [ f()de.
c, Ca
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(a>b>0).
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2. To evaluate the definite integral in question, write

]‘ do =,f 1 dz _ 4izdz
_z1+sin29 C1+(z-—z-l)2 iZ CZ4-6ZZ+1,
2i

where C is the positively oriented unit circle 1zl=1. This circle is shown below.
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Solving the equation (z*)* —6(z*)+1=0 for z* with the aid of the quadratic formula, we
find that the zeros of the polynomial z* —6z* +1 are the numbers z such that z2 =3+2+/2.

Those zeros are, then, z= +y3+2v2 and z= +y3-2+v2. The first two of these zeros are
exterior to the circle, and the second two are inside of it. So the singularities of the
integrand in our contour integral are

= V3—2‘\[5 and Z, ==z,

indicated in the figure. This means that

T de
————=2mi(B, +
;';1+sin29 (B +B,),
where
4iz 4iz i i i
B, =Res L = = =-
=4 7' - 67> +1 421-1221 2-3 (3-242)-3 242
and
4iz —4iz i i
B, =Res L= =- .
=2 7% - 622 +1 --4zf+12z1 -3 242
Since

27i(B, + B,) = Zm( ’):35-1/2—\/51:,

the desired result is
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